Introduction
Over the last decay, the lattice Boltzmann method (LBM) has met with significant success for the numerical simulation of a large variety of problems in science and engineering [1] [2] [3] [4] [5] [6] [7] . Traditional computational fluid dynamics (CFD) techniques solve the macroscopic transport equations of fluid flow, mass and heat transfer by directly discretizing them. Common numerical methods for solving the Navier-Stokes equations and the energy equation involve discretization of these non-linear partial differential equations by finite difference methods (FDM), finite volume methods (FVM), etc. LBM uses, on the other hand, kinetic equation models and corresponding relations between the actually simulated statistical dynamics at a microscopic level and the transport equations at the macroscopic level. This bottom-up approach of the LBM assures by construction the conservation of the relevant *nCorresponding author; e-mail: raoudhach@gmail.com macroscopic quantities such as mass and momentum [1] [2] [3] [4] [5] . LBM inherits many of the advantages of molecular dynamics and kinetic theories, due to its microscopic origin. But it does not use complicated kinetic equations. In comparison with the conventional CFD methods, the advantages of LBM include simple calculation procedure, simple and efficient implementation for parallel computation, easy and robust handling of complex geometries, and others [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . The LBM is second-order accurate in time and space, which is sufficient for most engineering applications and, provided that boundaries are appropriately treated, makes LBM competitive for complex domain geometries. Literature deals with many applications to the conduction-radiation heat transfer problems, the LBM was found to provide accurate results and compatibilities of the LBM for solution of energy equation and the discrete transfer method (DTM) [14] , the collapsed dimension method (CDM) [15] , the discrete ordinate method (DOM) [16] and the finite volume method (FVM) [17] for the determination of radiative information were established.
The aim of present study is to establish the compatibility and the performance of the LBM for the solution of the energy equation and the control volume finite element method (CVFEM) [18] [19] [20] for the determination of radiative information. To that end, a benchmark problem dealing with transient conduction radiation heat transfer in a 2-D enclosure is considered. The effects of the scattering albedo, the conduction-radiation parameter and the grid size are studied. Results of the LBM-CVFEM and the LBM-CDM are compared against each other. Effects of the spatial and angular resolutions on the results are also reported.
Governing equations
In the absence of convection and heat generation, for a homogeneous medium, the energy equation is given by:
where r is the density, c p -the specific heat, k -the thermal conductivity, and R q represents the radiative heat flux.
For the RTE, an absorbing, emitting and scattering grey medium can be written as:
where ( , ) Is is the radiative intensity, which is a function of position s and direction  , k a and k d are absorption and scattering coefficients, respectively; I b (s) -the blackbody radiative intensity at the temperature of the medium; and F -the scattering phase function from the incoming   direction to the outgoing direction  . The term on the left-hand side represents the gradient of the intensity in the direction  . The three terms on the right-hand side represent the changes in intensity due to absorption and out-scattering, emission, and inscattering, respectively. The radiative boundary condition for eq. (2), when the wall bounding the physical domain is assumed grey and emits and reflects diffusely, can be expressed as:
In the CVFEM, the spatial and angular domains are divided into a finite number of control volumes and control solid angles, respectively. For angular discretization, the direction of propagation  is defined by the couple (q, j) where q and j arethe polar and azimuthal angles, respectively.The total solid angle is subdivided into 
For spatial domain is subdivided into three-node triangular elements. As shown in fig. 1(b fig. 1(c) . The obtained mesh is composed of N x N y control volumes DV ij . The N x and N y represent numbers of nodes in x and y direction, respectively. Dx and Dy represent the regular steps in x and y-direction, fig. 1 fig. 1 (a), we obtain:
where A N represents the surface of the control volume DV ij . In order to approximate the integrals that represents the extinction; emission and inscattering contributions, the radiation intensity is considered constant within DV ij and DW mn an is evaluated at the centroid of the control volume and at the centre direction of the control solide angle. Then, extinction; emission and in-scattering terms in eq. (5) are, respectively, expressed by the following expressions:
where where F mnm¢n ¢ is the averaged scattering phase function from the control solid angle DW m ¢ n ¢ to the control solid angle DW mn . The term on the left-hand side in eq. (5) can be written as:
The surface
A of a subvolume dV lij is formed by four faces, fig 1(d) . To approximate the integral of the radiative intensity over each of the control volume surfaces (panels) within an element fig. 1(d) , the intensity is evaluated at the centroid of the panel and it is assumed to prevail over it. Then eq. (8) becomes:
where
For an internal grid, the integral on faces A 5 annul themselves since the normals of these surfaces are browsed in the inverse senses for two neighboring elements. Then, 1 R is set as zero. To evaluate the quantity 1 R , the radiative intensity is evaluated at the centre direction of the control solide angle mn  and at the middle of faces. In order to calculate radiative intensities mn pil I , the skew positive coefficient upwind (SPCU) interpolation scheme [19] is used. For example, the value of the intensity on l p 1 , fig.  1(d) , is expressed as: I can be written in the following form:
These equations can be expressed as the following matrix form: 
The integration of the RTE, eq. is calculated using the same strategy adopted for an interior control volume and with taking into account the boundaries wall contribution given by eq. (3). It is clear that in the discretized RTE obtained by CVFEM (eq. (20)), six nodes are used for each calculation point instead of four nodes when FVM is used, and therefore, the accuracy of the numerical resolution process is improved. To solve the algebraic system by a direct method or an iterative method in which all the intensities () mn j i I are calculated simultaneously after each iteration, the establishment of a matrix system is required.
Matrix formulation
In order to formulate the matrix system of the discretized equations, the radiation intensity mn ij I on point N defined by (i,j) and in direction of propagation (m,n) will be represented by I(l) where l is expressed in terms of i, j, m and n as follow: 
So the algebraic eq. (20) can be written in the following matrix form:
where z is a square matrix having (N x ·N y ·N q ·N j ) 2 coefficients which are given by: 
( 1) 1...
The term  which appears in eq. (24) represents the vector that contains the medium and the boundaries emission contributions. The coefficients of this vector are given by:
This matrix formulation of the discretized RTE permits the use of many iterative method employed in CFD such as Conjugate Gradient methods, Lanczos method, Jaccobi method.In the present work, the obtained matrix system is solved using the conditioned conjugate gradient squared method (CCGS). Once the intensity distributions are known, radiative information q 
LBM for energy equation
In order to solve the energy equation, the BGK (for Bhatnagar, Gross and Krook, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] ) lattice Boltzmann scheme is used. The lattice Boltzmann method solves the continuous BGK equation on a regular grid in two steps which are applied iteratively to the whole domain at each time step. So, the starting point of the LBM is the kinetic equation which for a 2-D geometry is given by:
f is the equilibrium distribution function, t is the relaxation time, f i is the particle distribution function denoting the number of particles at the lattice node r( , ) xyand time t
moving in direction i with velocity i c along the lattice link rc i t    connecting the nearest neighbours and b is the number of directions in a lattice through which the information propagates. In the absence of force term and using the single time relaxation model of the BGK approximation, the discrete Boltzmann equation is given by [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] (0) (r, ) 1 c (r, ) [ (r, ) (r, )], 1,2,...
After discretization, eq. (29) can be written as [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] (0) (r c , ) The nine velocities i c and their corresponding weights w i in the D2Q9 lattice are the following: 
In case of heat transfer problems, the temperature is obtained after summing f i over all direction [14] , i. e., 
The bounce-back scheme [14] is used in the current study for treating boundary conditions.
Results
Transient conduction and radiation heat transfer in a 2-D square enclosure is considered. In this, initially the entire system is at temperature T i = T N = T W = T E . For t > 0 the south boundary temperature is raised to T S = 2T. The enclosed grey-homogeneous medium is absorbing, emitting and isotropically scattering. In the LBM-CVFEM, nondimensional time step Dx = 10 -4 (x = = ab2t) was considered and steadystate condition was assumed to have been achieved when the maximum variation in temperature at any location between two consecutive time levels did not exceed 10 results of the LBM-CVFEM and the LBM-CDM are compared for two values of the scattering albedo w = 0.5 (scattering comparable to absorption fig. 3 (e) and w = 0.9 -strong scattering fig. 3(f) ). For the two cases, it can be seen that the results of the two methods agree very well. The LBM-CVFEM and the LBM-CDM numerical approaches are, also, compared in the case of a weakly participating medium (b = 0.1) and a good agreement is obtained (fig.  4 ).
The effect of the aspect ratio is illustrated in figs. 
Conclusions
The lattice Boltzmann method (LBM) was used to solve the energy equation of transient conduction-radiation heat transfer problem in a 2-D square geometry containing an absorbing, emitting and scattering medium. Radiative source term in the energy equation was computed using the control volume finite element method (CVFEM). At our knowledge, the combination LBM-CVFEM is used for the first time to solve the conduction-radiation problems. In order to examine the accuracy and the computational efficiency of the proposed method, several test cases were investigated and obtained results were compared with those of the LBM-CDM (lattice Boltzmann method-Collapsed Dimension Method). For all cases, a good agreement was obtained and the two methods have a comparable number of iterations. On the other hand, the results presented here and the efficiency and robustness of LBM and CVFEM, allow the expectation that LBM-CVFEM will have advantages over conventional energy equation solvers, especially for problems with complex geometry. 
